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® � J�d Æ � ª'M c U�~ f ¼�ÿ Æ u n N%H Z  1d Æ9� � k �#� !�"
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_ D	f d !�" _%V�� ·�d (
� � k �?� !�" _ � n N � V�� ·�d

)
Æ � ª ¼�ÿ ��� -�� D &	Ç1n [ H���	e�e > u���� D%E , G 0 �
P � *�� D�¦ � Z F#G H [ H � ª .

["v
xy 	�
 ñ � /��

1
� K
� V�f � e ��+�� � >/���

A, B, C
V ç ��+�� ©[ª D�Ô ·�[�J .

�
� ������� ���

� � ��� ���
� � � � !"�

e � Æ�n1��.$#�_ �
2
d . ��� �

cos 2α = cos2 α− sin2 α, sin 2α = 2 sinα cosα

D © g u �
C
�
%�&

(x, y)
8

,
�

B
��%�&

(c, s)
V�'%¶ Z

x = c2 − s2, y = 2cs

Æ�o�` d	e Æ���� j%g [�J . E , G 0 �
P 8 , !�" _ c + is
V

2 N J%d Æ e � ��� � Z ¥ d�e Æ D&@� ¦ n [ H � . ¦ [ g

(c + is)2 = (c2 − s2) + i(2cs)

è n�( � d Æ

(c + is)2 = x + iy

Æ f d � > J��$) k�D ��.$#�_ �
3
d . ��� ��V
' ª
Æ +�� ©�ª f ���

A, B, D D
h%H Z

(c + is)3 = p + iq

� Ë�g � ¦ e Æ��+*�` [�J��
E , G 0 �
P 8�e � ©[ª f Å�	�V�ù ¨+,�J « E , G 0 �
P ��� � ¯ Æ�â � �[d�ç ��� ��V�é�- J%d
D+-�g [ H ���
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� � ������� �
	
� �
�
� ��	�

� ����� �
	

(cos α + i sin α)n = (cos nα + i sin nα)

[D� E , G 0 �
P ��K�� > 8 � g [ `���� e�� Æ � - ��� Æ H Z ��.$#�_ � 	 D � �

sin(α + β) = sin α cos β + sin β cosα, cos(α + β) = cosα cos β − sin α sin β

D�¦ � Z f � Z�0 [ H � ª �
e�� D
h%H Z ç � ©[ª f + V�f � Z  g [�J��

��� ��� �
 !#"

$ � %  &'"
( � )  *+"

� �
� �
 !+"

$-, � % ,  & , "

e � � j%k , � 8

x = cc′ − ss′, y = sc′ + s′c

Æ � ª
#/.��@�10 0 7 �
[�J�� A � 2 ¦ � !�" _ c + is
Æ

c′ + is′
V�Æ�¶ Z  1d Æ

(c + is)(c′ + is′) = (cc′ − ss′) + i(sc′ + s′c)

Æ � ªE� D�f�g [�� a ��� �@�/� Z n [ H ���	e � ©[ª f ��.$#�_�Æ !�" _�Æ �
� - 8 á � ©[ª D
��2 J
Ì n f � > H � ª j u � d��@8 á � ©[ª D���2%H Z  1d � �
]�a%��� f � > H � ª j�5
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2�3 ���
1797 C@D�� P�����O � _�U�`���� $ U O , .�� Ã�� P ü

Casper Wessel
� D ©�¶ Z u !�" _ � M c U~ f!� 2 ü !�"�	�
 � �;� � k � [ H ��� � s f � k"¾ ��K � 8�Ñ � ö

100 C�h	á
	�� � ��D
� a� Z H ["�%[ H � � u 1832 C _�U ��
 `�Æ�â � � Z �1d�� � $ (Karl Friedrich Gauss, 1777X 1855,

E�F�G )
8�e � *�� V��	é�- H�!�" _�V���� �@¨ d�x ³ V�� Ë%H [ H ��� (!�"�	�
 � e Æ�V � � $

	�
 Æ�â�� e Æ�a 3 ¥ � g [�J�� )
e�e >�� !�"�	�
 � f � �@D�¦ � Z F#G H [�J��

!�" _ z = a + bi D
h%H Z u %�& 	�
 ( � xy 	�
 )
g � �

(a, b)
V�f � d Æ u !�" _�Æ e � 	�
 g� ���

1 h 1 D
h	i%H [�J���e � ©[ª D�!�" _ D %�& 	�
 � �%V h�i ) ` d Æ�n u%e �
%�& 	�
 V2�3 ��� Æ�â�| [�J��
, !�" _ � ë h��
!�" 	 
 g � � z

Æ � �
O
Æ � � ����� V !�" _ z

���� �! Æ �	� |z|
>�o H ["J��#"?$ z = a+bi

D
h%H Z

|z| = |a + bi| =
√

a2 + b2

Æ f%g [�J��

O a

b z=a+bi
|z|

, !�" _ � � � ² _ d
!�" _ z = a + bi

Æ ² _
k
� ��� u

kz = ka + kbi

Æ f%g [�J j�k u !�"�	�
 g >�� ç � ©[ª D o ) � [�J�� ¦ [ g !�"�	�
 y	z
>�� � ��V � � D+	

 y	z�V k

d D�$ T�%�� J%d�e Æ D�h	i%H Z �%[�J��

O a

b
z=a+bi

ka

kb
kz=ka+kbi
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, !�" _ � , 6 �
!�"�	 
 g � u 0

� f � !�" _ z = a + bi
V�o J ��V

P
Æ j�¥ e Æ D?H [�J��
e � Æ�n ç ��+�� ©ª D OP

� � )
(|z|
� e Æ � J

)
V

r, OP
�

x � Æ f J .�V θ
Æ J�d Æ

a = r cos θ, b = r sin θ

Æ j�¨ d�e Æ u ©�¶ Z

z = r(cos θ + i sin θ)

Æ f d	e Æ��#� j1g [�J���e � ©�ª f z
� o�* � e Æ�V !�" _ z

��� D�E Æ�â
| [�J��
e � , 6 ��V
'�¶ Z !�" _ � �%V P�� H Z�0 [ H � ª � 2 ¦ � !�" _ z, w

V�, 6 ��V�'%¶ Z

z = r(cosα + i sin α), w = s(cos β + i sin β)

e � Æ�n g ��/ Ì�� ©[ª D 	 D	Ô x ��ª [ ¥ ' � Z zw
� ç � ©�ª D P�� � n [�J��

zw = r(cosα + i sin α)× s(cos β + i sin β)

= rs(cos α + i sin α)(cosβ + i sin β) = rs(cos(α + β) + i sin(α + β))

e k�j%k'!�" _ zw
� !�"�	�
 g � � � j%k ����� � rs,

[��
x � Æ f J .	�@� α + β

� � d ©[ª
f � D�h�i J�d�e Æ���� j%g [�J�� ¦ [ g « !�" _ z D�!�" _ w

V j�¨ d�¯ Æ ��« !�"�	�
 g � z

D�h�i J�d �@V ,
[�v � � j%k ����� V s

d D�$ T H Z Ñ�� j@k � � � ��g V�.�� β
Í ¨
��� )���¯

� *�� t k �#� �	��

� )������������������ ��� [����
� _ g ���
 ��!"��# M c%$%&	#�' 2	( '�)�* √

i ( P���+ * 0�, +	- ���/. ,

√
i = r(cos α + i sin α)

�����	�����
0�132 ( 2 N + *

i = r2(cos 2α + i sin 2α)

(�4 , �35���� � i = 0+i×1 = cos(π/2)+i sin(π/2)
� �%6	7���8�637

r = 1 (r
��9%: 6	7�0 ��� #

0 �
r > 0

�/#%����� ��;
< + *"=�>�? .
)
�

2α = π/2 (�4 , ��5@��0	� � α
� + *��

π/4
�

5π/40
2 A 0�B3C
D��%E%�
�	� �
;
< + *F=�>G? .�5/H )/* √

i = cos(π/4) + i sin(π/4) = 1/
√

2 + i/
√

2,�I�J √
i = cos(5π/4) + i sin(5π/4) = −1/

√
2− i/

√
2 (�4 , ��5
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1
O

� (−1) × (−1) = ?
? *�� ���
 
I�������� 0
	��

 (
� . * (−1)× (−1)

0
��� ( + *�� , +�- �/5

−1 = −1 + i × 0 = cos π + i sin π

� ��6�7�� −1 ( 6�������� .������ J � ������� � 0 : ( 9%: 0
��� � 180 � �
! ?#" �%�	� �
%� ���
�	����$�6%� , ��5
�
0%����!%�
(−1) × (−1) = 1

��#3�����@��$�6�� , ��5 ,�I�&(' �
+ *

(−2)× (−3) = 6
#�)�� A , �*�,+	0
- � +�0
- ( 6����	�#. � #
#3���3������H�. , ��5
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���

5.1 �����	��

�
�

(cryptography)
� J��
� & � ���
�	0��
���
�
�
�
� ��� + * �
�
�� �"! 8��$#�7�8"���	�

�%��E%��. J	%�&  (�'"(*) *,+3<�� !%�"�
�	0�-,. (�/*0 I ) � � ! 0 
,1 ��#3�"�
� (�243 �� I ) 0"5,6���
,7	0%��� ���98
: ? 8 , �35%�
0%!"� � �
� (�243 + *
; �%�(
,7 ��� + * J�<=
>
5 ? < 0"@�ACB,D � � � �$E
F
G 0�H�0�I�$ �"J,F ( �,K + ! 0 � 6	7CL (�M =ON	)�*
J,F (P ����� .��O� � 
 ��Q
&SR,TOU
V	W (�X � I ������#"7 8 * . , ��5%�%0
!"�ZY"[
\	0 J,] ( P�*^"_
`�0 2,a \
b J �
c a Y J �
d
e ��J # = �gfZh"ikj"l,m�n�o V ���Op�q�8 , �����	�
0%!��# 
,7 ��J � ' + ! 0"�,��� � A 6�8	q ! 0"\,b	0
r"s���� 0 Y�t�7�6
Y3#%��� .��9u : �3E �, ��5�d
e J ���	0�v,w ( P ��0 ��J # = � ! 0,r"s ( P �	��� ( ! 04x@&F� + * . , ��5%�%0
rs ( P �,`�y U f%0
��� ( �,�
z � ,�I d,e
{ ? 8 I �,��6�7 = 0��,� (�|,} ���
�	� ("~ �
z �p"� , ��5�d
e
{%�
�
e
{ (�� #�� I ) Y J$� b
 ��O�,b
 ��3E�7�6�� )��*) *,� . I d,e	0��,�

(=
`�yS�Z�C�

)
Y + I � )�* R,T�U,V	W ( d�e
{%�
�
e
{ + , ��5
�
0%!���#�`	yS�Z�C�"0��F� +* J�� 0
!"��# ' 0
�3E�� , ��5

�
�*� �
�
[shift cipher]

< =
>
1 ? < 0�y V
� 0�� & &
�
�
 � E%� W,� A�D�f���B V,�
V Y%! )�* � ."7@8 I
� '��,� &#�d,e�
,� � �	5����� 
�	d
e%�	B V��,V d
eF�Op�q�8��
�	� ' E�� , � . ¡
¢ &�Y J�� J 0 J,F

( ! 8�£38,¤ �
¥ �37@8 I J
F -�$ > ��¦"7����	�CY�! )�* R�T�U�V�W ( d�e
{ + , �35Z� ��q ( §J
F ¦F7/��¨,©
)

this is a pen ª wklv lv d shq

��#%� , �35 + 6 + ���%0Zd,e J J,F 0�«
¬	0
-
(­
® #37 26, ¯O°
® #�7 50)

+ 6$v
w + #�.�0 �
±
* 0"¤ ("² " q
³
´,Y"µ��
�	��� ���3, ��5

¶
· �
�
[substitution cipher]

� F d
e�� J � J
F (�¸ 6
Y$¹ � ���%�%�	�ZY�! �9d,e J ������d
e
{�

� � �
d
e J J J
F � E�Zº�» J E � , ",¼ 5ZB$½ V y T�¾�¿ZV*À$Á 0"B4A V�Á YÃÂÅÄ	��Æ�Ç,È	� �G� �	É��3E � , �����3�
8 J �	DC�Sn$Ê$Ë T � ( Æ,Ç	0�Ä )�* .4Ì"Í � ¹*Î���� I ' 0 �,Ï 5�Ð
03!SÑ�#"d
e J 7 ? < 6�7±
Ò
Ó (�Ô � I _4f$m À ?
Õ �4Ö"×
Ø a #�) (�Ù ± Y ; �,Ì I ) Y � .�7 8 , + I 5
¡
¢ &	#�� ��Ú t + ,ZÏ 5�Û
Ü	0 J ( d,e
{ÞÝ

Encrypt ß Ï Ì
Ð	à ( 	 � ,ZÏ 5

á�â�ã�ä ãZä å æ�ç
è

. , Û
Ü	0�é	Y + I�ê )�*
J,F ( ¹*Î����
Ì & Y3! )�* d
e
{ (�� #4Ñ�Ð�àZY + ,�Ï 5

å
ë
ì�í
ç
î
ï,âðã$ñCò	óOô4è�õ*æ"ö�÷*ä�á
ø
ù�ú*û
ü
ý
þ�þ
þ
þ
þ
þ
þ
þ
þ
þ
þ
þ
þ
þ�þ
þ
þ
þ
þ
þ
þ
þ
þ
þ
þ
þ
þ
÷	ä�è ã�ø,ë
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ö
î
å
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32



Ï # ����� á ( î Y�¹	Î���� � â ( ý Y�¹	Î������ � à . ) I�' Y J�� 0 J,F ( ¹*Î���� * .*Î ,Ï 5 ! 0	��
���
 J Û�Ü	0%!SÑ�# J,F��
(
d
e J

)
ê 4 7�8 ,�Ï 5

î�ý�ò�ö�í�ò�ö�í
÷
í
ç�ãOá
Û
Ü ��J�
 d
e
{ > 0 J ( � J Ý

Plain Text
,�I�J

Clear Text ß 
 d�e,{��	0 J ( d
e J Ý
Cipher

Text ß àOp���Ð*à�Y + ,�Ï 5 J
F 0�¹	Î���� (	� Y���8	q�d�e J ( = 0 � J Y�� Ï Ð	à ê � Î ,�Ï 5

å
ë
ì�í
ç
î
ï,âðã$ñCò	óOô4è�õ*æ"ö�÷*ä�á
ø
ù�ú*û
ü
ý
�����������������������������������������������������
÷	ä�è ã�ø,ë
ý$ò�ûCô,ú	õ,á�ì,ç
ù�ü
ö
î
å
â*ó�ñ�æZï,í
Ð
0��4ÑCY"d�e J 6�7 � J (�4 Ì & ( �
e
{ Ý

Decrypt ß àOp���Ð4à9Y + ,ZÏ 5��
 �� � J,E ( d
e{ + *�� Ì$Y J�
 E�7�6�� )
�
RSN IUBZKXMWOTCEVYQFAHLJPGD �
à . Ñ J
F�� ( �� �� � © < + *
�G= º
» ê E � ,"Ï 5�� < E
Ì"�,�
 (Tamper)

Y�� + * Ð%0 J
F�� (�' 7 + ? � +� ��8	q 
 \
b�!�" ê�#�$ ? 8ðÌ�B%C%D ê E ) I à + * ' 
 Ù ± Ý

Secure ß  �
�
��� (Z�  Ñ &,ê � Î
Ì%5"Ð%0��SÑCY 
 d
e�{��Å�
e
{ (��  Ñ I ) Y"º,»  �,� J�%'& Key (àOp�q�8 ,ZÏ 5 � �
� ��J�
 �
RSN IUBZKXMWOTCEVYQFAHLJPGD � à . Ñ J�F�� ê ¤�Y  � ,"Ï 5$Ð
0��SÑCY�d,e
{ Ï Ì I ) 0"¤�à��,e
{ Ï Ì�)	0�¤ ê & � � E,Ì��SÑ  d�e�

�	0$Ð*à ( 
*�+��
��,�- à9p�� ,ZÏ 5���.
d�e�
��,Y � ��ÌZ¤ J�
 ¨ � Y�� )�* ��.�¤ Ý

Symmetric Key ß 
�/\
¤ � /�0 ¤ÞÝ
Session Key ß 
 2
a ¤ÞÝ

Secret Key ß  )4àOp�q�8 ,�Ï 5
� F d
e J d
e
{ Ï Ì I ) 0(
,7	0
- J B,n4�Od
e�� � '	1 = Ù ± D J�2 .ðà�.�� ,"Ï�ê�
 J
F 03 ��( . ��Ì &�ê � Î  .	0 ��
	4 $  65 ? 0�d,e J ê E/8	q$µ	Ì�Ð�à ê(� Î ,�Ï 5�7�8 
 D$m:9$DÆ I � J Ð
0��SÑ  d,e (�;�< Ï Ì I ) 0(
,7�Y A . * '	=�> + * . , + I�ê�? 7 ê � . I 
,7 J@�A�B�C à�p�q�84Ì

�7 ��Ï 59� ��q 
 � F d�e � d�e�{ ? 8 I ­
® 0 J
] ê E ) I à + ,ZÏ 5 , ¦! 0 J,] 0 � 0�D J
F 0�E } 3 �	( - � ,�Ï 5 � ' � = } 8SÌ J
F ê $�6�8*q ! 8 ("­
® 0 J,] 0� � ' ) à ' E } 3 � 0 2 . e

àO¹*Î���� ,ZÏ 5 � Y 3 E Ï Ì J
F ( � Y:E } 3 � 0 2 . t
,�I�J

a
Y$¹	Î"��� ,"Ï 5
Ð%0��ðÑ  ��� (�F �HG + * 
�I 8�J	Y$d
e,{ ? 8 I J,] 0	D J
F Y�DC�4n�ÊË T � (	K � % *
* � � ,�Ï 5Z[
\ J Ð@8 ��J ��L ¼ à + I J,] Y J  � , "�¼ ê�
 ­
® 0�M%D (

�
�"q�N�O J

a, an, the
à  Ì

) ( 	��  ê 7 
 Ð
0 I 8�J  DZ�*n$Ê�Ë T ��0 K � % * (�P . + * �Ì & Y�� � 
 d
e (	;�< Ï Ì�Ð	à ê E�Q ,�Ï 5

R
.

vyq nkvvng tcddkvu, c yjkvg tcddkv, cpf c dncem tcddkv, nkxgf kp c nctig hqtguv.

gxgta oqtpkpi vjga jqrrgf qwv qh dgf cpf qwv kpvq vjg gctna oqtpkpi uwpujkpg.

vjga nqxgf vq urgpf cnn fca rncakpi vqigvjgt.

33



d
e
{	0 I ) 0(
,7 (�2,a Y + *
�G= 0 J ��� Y���� ��Ï�ê�
 ¤ J .���.��".�	 Ï Ì�Ð	à ê(� Î ,Ï 5 ! Ð � d
e	0 Ù ± D J ! 0�¤�0 2,a�

� 8SÌ�6
Y������%.*Ì	à#	��,Ì��	Î �	Ï 5 1883 � ��� �d
e �30  6 � D��$l	fS�S���Z� ¾
¿ n,f�� n����Ã��� V ����� ¿ n J
��d
e�B,f"h À 0 Ù ± D J�
 d
e
{	DC���kA Á
À 
�2,a Y:E�Q*Ì�6�Y J ����" ¦ 
 ¤	0 2,a ê � 78SÌ�6�)SÑ/6�Y%6%6��
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.SÌ
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�

à! �� ,�"�I�ê�
 Ð�8 J } w�Y$#4Ì , � d
e�%�&	0�'�(�Y�) I � Ì 9 % �,Ï 5
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��0�1�2�3�4
� ��0��SÑCY�� F ��d
e J 3 � $�5 
 � .�� ;�< Ï Ì$Ð�à ê B
C �
Ï 5�Ð�0��SÑ  u : 

6 Ñ�� �!78� d,e ê�9 o W
��: �

(
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1523 ��; , 8 )
Y�������	�< ? 8 ,�"�I

(
9 o W
��: �,d,e

)
5

Ð/8 J ¤ � 8 ) 7�8 I � � 
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V d,e � 0 J,F 0Z¦G7 " 
 
 �?> à!@ �BA��
��C =à . Ñ ' 0 ��
�4 $�Y 5 .
¤ 
�D . 
 	�Y R,T�U,V�W 
 � Ì I �SY$¤ 
 .������
8*q ;�< Ï Ì
Ð	àJ�E B%C ��Ï 5

a F a b c d e f g h i j k l m n o p q r s t u v w x y z

b F b c d e f g h i j k l m n o p q r s t u v w x y z a

c F c d e f g h i j k l m n o p q r s t u v w x y z a b

d F d e f g h i j k l m n o p q r s t u v w x y z a b c

e F e f g h i j k l m n o p q r s t u v w x y z a b c d

f F f g h i j k l m n o p q r s t u v w x y z a b c d e

g F g h i j k l m n o p q r s t u v w x y z a b c d e f

.

.

.

z F z a b c d e f g h i j k l m n o p q r s t u v w x y

� �"q 

this is a pen 
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d,e
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this is a pen ª t h i s i s a p e n¤
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e
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